Gravitational waves generated by inspiralling compact binaries are investigated to the secondpost-Newtonian (2PN) approximation of general relativity. Using a recently developed 2PN-accurate wave generation formalism, we compute the gravitational waveform and associated energy loss rate from a binary system of point masses moving on a quasicircular orbit. The 'crucial new input is our computation of the 2PN-accurate "source" quadrupole moment of the binary. Tails in both the waveform and energy loss rate at infinity are explicitly computed. Gravitational radiation reaction effects on the orbital frequency and phase of the binary are deduced from the energy loss. In the limiting case of a very small mass ratio between the two bodies we recover the results obtained by black hole perturbation methods. We And that finite mass ratio effects are very significant as they increase the 2PN contribution to the phase by up to 52 
I. INTRODUCTION The Laser Inter ferometric Gravitational
Wave Observatory -(LIGO-) VIRGO network of kilometer-size interferometric detectors of gravitational waves is expected to be in operation by the turn of the century [1, 2] (see [3] for a recent review). The most promising targets for this network are the gravitational waves emitted during the radiation-reaction-driven inspiral of binary systems of compact objects (neutron stars or black holes). Crucial to the successful detection and deciphering of such waves will be the availability of accurate theoretical templates for the inspiral gravitational waveforms [4 -6] . Much theoretical effort is currently being spent on developing improved formalisms tackling the generation of gravitational waves by general material sources and/or on applying existing formalisms to the explicit computation of increasingly accurate inspiral waveforms. Among the existing generation formalisms, the one proposed by us [7 -9] can, in principle, be developed to an arbitrarily high accuracy. Recent work by one of us [10] has succeeded in pushing its accuracy to the second-postNewtonian (2PN) level, i.e. , in. deriving general expressions for the asymptotic gravitational waveform, as a functional of the matter distribution in the source, which take into account all contributions of fractional order c beyond the leading ("quadrupole formula" ) term. Here v/c (Gm/rc2)~~2 denotes the small parameter entering the post-Newtonian expansion appropriate to the description of slowly moving, weakly stressed, weakly self-gravitating systems.
The object of the present paper is to apply the 2PN-accurate generation formalism of Refs. [7 -10] to the speci6c case of an inspiralling compact binary. This is a nontrivial task as the end results of Ref. [10] contain some complicated three-dimensional integrals which are mathematically de6ned by a procedure of analytic continuation. Note that this contrasts with the end results of our previous 1.5PN-accurate generation formalism [7 -9] which contained only integrals extending over the (compact) support of the material source. The higher complexity of the 2PN level is due to the appearance of terms associated with the cubic nonlinearities of Einstein's equations. We shall show below how to explicitly 0556-2821/95/51(10) /5360(27)/$06. 00 QC1995 The American Physical Society compute these terms in the case of binary systems.
Theoretical waveforms such as the one computed below are useful to define parametrized "chirp" templates to be cross correlated with the outputs of the LIGO-VIRGO interferometric detectors. For this technique to be successful, the templates must remain in phase with the exact general-relativistic waveform as long as possible. The phase of the signal is determined by the rate of change of the orbital period resulting from gravitational radiationreaction efrects. Following the usual heuristic approach (which has been validated in detail at the leading order [ll] ), the effect of gravitational radiation reaction on the orbital period can be computed &om the losses of energy (and angular momentum) [12] at infinity. We shall therefore pay special attention to the computation of the 2PN-accurate energy loss &om a (quasi) circular compact binary which is obtained here for the first time, together with the resulting orbital phasing of the binary.
Several investigations have recently focused on the computation of the energy loss and waveform in the case of a very small mass ratio between the two bodies [13 -16] .
Notably the energy loss has been computed in this case both numerically [15] and analytically [16] up to an order going well beyond the 2PN level. The test-mass limit of our result agrees with the 2PN truncation of the results of Refs. [15, 16] . However, we find that finite mass eKects change very significantly the 2PN numerical contribution to the accumulated orbital phase. Our main results, completed by the contributions due to the spins of the orbiting bodies, have been briefly reported in [17] . Note that our formula for the energy loss has been conBrmed by an independent derivation based on a difIerent, albeit less rigorous, method [18] .
The organization of the paper is the following. In I Sec. II we write down the results of the 2PN generation formalism in a form convenient for the application to inspiralling binaries and we outline our strategy. In
Sec. III we compute the 2PN-accurate "source" moments of mass-type (especially the quadrupole moment E = 2) in the case of a binary system made of two point masses.
In particular a crucial cubically nonlinear term is obtained in Sec. III C. The expressions for all the relevant source moments are given in Sec. IV which deals with the explicit computation of the 2PN-accurate waveform and energy loss rate (including relevant tails). The instantaneous orbital phase of the binary is computed at the end of Sec. IV. Technical details are relegated to several appendices: the conserved mass monopole and dipole moments are considered in Appendix A; Appendix B
presents an alternative derivation of the cubically nonlinear contribution to the quadrupole moment, which is valid for N-body systems; and. Appendix C is a compendium of various formulas for moments.
II. SUMMARY OF THE 2PN-ACCURATE GENERATION FORMALISM
Let us first recall that in a suitable "radiative" coordinate system X" = (cT, X') the metric coefficients, say G p(X ), describing the gravitational field outside an isolated system admit an asymptotic expansion in powers of R i, when R =~X~~o o with T -R/c and N = X/R being fixed ("future null infinity" ). The "radiative" multipole moments Ul, and VL, (defined for E & 2) denote some functions of the retarded time T~= T R/c taking v-alues in the set of symmetric trace-&ee (STF) three-dimensional Cartesian tensors of order 8 Here I = i i iI denotes a spatial multi-index of order E, Ng 2 = N;, N. . ., X(,~) = 2(X,~+ Xz, ), and (N) = (8;b -N;Nb)(b~-N, N ) -- (8, , -N, N~)(bb -NbN ) .
1 (2.2) (For the convenience of the reader we summarize our notation in Ref. [19] . (2.6c) for the moments that need to be known beyond the 1PN accuracy, and UL, (T~) = I~i 1(T~) + O(e ), VL, (Ta) = Jl. '(TR) + O(e'), (2.7a) (2.7b) for the other ones. Equations (2.6) involve some integrals which are associated with tails; these integrals have in front of them the total mass energy m of the source, and contain a quantity 6 which is an arbitrary constant (with the dimension of time) parametrizing a certain freedom in the construction of the radiative coordinate system (T, X).
More precisely, the link between the (Bondi-type) radiative coordinates I"= (cT, 4') and the (harmonic) canonical coordinates x, " "=(ct, ", x', ") reads TR = tean~c an ln '" +Os +O 1 r, " (2.8) Except for the computation of U;~w hich requires the knowledge of the mass quadrupole source moment I,~with 2PN accuracy, the computation of the other multipole contributions to the waveform can be obtained from 1PN-accurate expressions of the mass-type and current-type source moments which have been obtained for all values of E in Refs. [7, 8] , respectively, as explicit integrals extending only on the compact support of the material source. (Note that there are no 1/cs contributions in the source moments. ) Let us illustrate the structure of the 1PN results by quoting the simpler 1PN mass-type source moments: xLx2 02o (t, x) 4(2E+ l)x;I, Bo;(t, x).
2(2E+ 3)c2 Bt2
(/+ l)(2E+ 3)c2 Bt (2.9) The (compact support) matter densities appearing in Eq. (2.9), and their generalizations discussed below, are defined from the contravariant components (in the harmonic, "source" coordinate system x") of the material stress-energy
The powers of c introduced in Eqs. (2.10) (2.i3) This form is equivalent to the result previously derived in Ref. [8] [20, 21] (2.17) . This is superfiuous in our case because the author of [10] has shown that there arise no poles at B = 0 and therefore no associated logarithms.
Although the result (2.17) is mathematically well defined (contrary to the results of Refs. [22, 23] which are expressed in terms of undefined, divergent integrals), it is a nontrivial task to compute it explicitly in terms of the source variables only. This will be done in the next section, in the case where the source is a binary system of nonrotating compact objects (neutron stars or black holes). To this end, we shall heuristically represent the stress-energy tensor of the material source as a sum of Dirac b functions. More generally, the stress-energy tensor of a system of % (nonrotating) compact bodies is formally given by dy~dy~1 dt T" (x, t) = ) m~~~-b(x -y~(t)), dt dt g -g dk (2.18) where m~denotes the (constant) Schwarzschild mass of the 4th compact body. This yields, for the source variables (2.10) 
where v& = dy&/dt and (2.19a) (2.19b) (2.19c) [24] . Indeed, the latter reference showed (by a matching technique) that the metric generated by a system of well-separated strongly self-gravitating bodies was equal, up to the 3PN level, to the metric generated by a mathematically welldefined version of b functions. See Sec. III C of Ref. [9] for a discussion, at the 1PN level, of how to combine the two formalisms.
III. THE 2PN-ACCURATE MASS MOMENTS OF
A COMPACT BINARY It is convenient to split the starting formula (2.17) into three types of contributions, say the notation V being a shorthand for the combination 
where we recall that W;8, defined by (2.14c), is a bilinear functional of (r(x', t). e shall consider in turn the three contributions to IL. The "compact" and "Y" contributions will be evaluated ln the quadrupole case (E = 2) while the "W" contribution will be calculated for any E The cases. E = 0 and l = 1 play a special role as they do not correspond to radlatlve moments, but to conserved quantltles We check ln Appendix A the agreement with known results for these low moments.
A. The compact terms and their explicit form in the circular thoro-body ease
The general, N-extended-body expression for the "compact" contributions to the 2PN mass moments reads 
These terms can be deduced from the results of Ref. [8] . Denoting ri = !x -yi!, r2 = !x -y2!, ri2 = !yi -y2!, the latter reference has introduced the kernel
= -2~Y (y"y2) (3.21) o. is polynomial it is easy to perform the integration over n in (3.22) to get [10] (see also Sec. IV in Ref. [10] Y terms:
2(1+1)(8+2)(28+5) ' the results of [8] on the kernels k and g. Inserting (3.31a) into (3.30) (3.36) GI (~)~' gJ horn (2E -1)!! (3.37) Inserting back (3.37) into (3.36) shows that the multiNote that this definition is independent of the choice of the origin x = 0 around which one is expanding. This [where n!! = n(n -2)(n -4)~(1 or 2)] we get the following link between IL and the coeKcients appearing (VV) in the multipolar expansion (3.36) It is interesting to remark that the work of the present subsection, together with the one of the previous subsection, is analogous to the method used in Ref. [8] . Ba- (1 -n)yi + ny2 (which difFers from the notation used in [8] by the replacement n -+ 1 -n).
To get a completely explicit expression for IL in terms of y1 and y2 one needs first to compute the integrals appearing in (3.68 [7] [see Eq. (2.9) above] and [8] . Note that the result (5.18) of [8] 11"' " I, = vm STF; x" -- (1 + 39v) x" + --v" (1 -3v) Note that the authors of Ref. [8] gave two diff'erent forms of the current-type moments: a "central" form, its Eq. (5.18), equivalent to the form (2.13) above (taken from [10] ), and a "potential" form. We found the first form simpler to evaluate when one is interested in computing the moments in the center-of-mass frame.
[By using it, we detected. an error in [33] which computed the potential form of the octupole J,~i, . the coefficient of the twelfth term in Eq. (9) Eq. (4.3a) . (Only at the 2.5PN level shall we need to include a post-Newtonian correction into the tail contribution. ) In order to compute the tail integrals, we shall follow a procedure which is a priori dangerously formal (although most natural), but has been fully justified in Ref. [35] where it was proved to yield the correct numerical value of the integrals, provided that a weak assumption concerning the behavior of the gravitational field in the past ( -r -+ -oo) is satisfied. This assumption is essentially that the Ah time derivative of a moment of order E tends to a constant when -+ -oo. It serves to preclude, for instance, the emission of a strong burst of radiation in the remote past which would make a nonphysical contribution to the tail integrals (see also Ref.
[21] for a discussion). This assumption is satisfied in the case where the binary is formed by capture of two bodies moving on an initial quasihyperbolic orbit with small enough energy. The method consists (i) in substituting into the tail integrals in Eq. (4.3a) the components of the moments calculated for a fixe (nondecaying) circular orbit whose constant orbital frequency is equal to the current value of the frequency at time T~, i.e. , w = w2pN = w2pN(T~). Then it consists (ii) in evaluat- has not rigorously been shown, the proof could in principle be extended to orbits which had a non-negligible eccentricity in the past, and had in fact whatever behavior in the past which is consistent with the weak assumption made above. Note that the decay of the orbit is driven by radiation reaction effects which are of order O(s ) in the post-Newtonian parameter c, and so the adiabatic parameter ( is itself of order O(s ). One can therefore safely neglect in the 2PN waveform all the errors brought about by the above procedure (i) and (ii).
We now calculate the two independent polarizations associated with the tail contribution (4.3) with respect to two unit directions P and Q perpendicular to N and such that N, P, Q forms a right-handed orthonormal triad. We adopt the usual convention that P and Q lie along the major and minor axes of the projection of the circular orbit on the plane of the sky, respectively, and we denote by c = cosi and s = sin i the cosine and sine of the angle between the line of sight N and the normal to the orbital plane [c = cos i is not to be confused with the speed of light which we denote exceptionally by co in Eqs. (4.7)-(4.10)]. Denoting by P the instantaneous orbital phase of the binary [defined as an angle, oriented in the sense of the motion, such that P = 2 (mod 2') when the relative direction of the two bodies is n = P], and using the relevant time derivatives and contractions of ¹mtonian moments as readily calculated &om Appendix C, we follow the items (i) and (ii) above and bring the two "plus" and "cross" polarizations (h+)t») = 2(P;P~-Q;Q~) (h;. )«, . ) and (hx)t») = 2 (P,Q& + Q;Pz)(h;. )«;~i nto the form Still following (i) and (ii) we now compute (4.7) and (4.8) by replacing P by a linear function of time, P(T) = wT+ $0 where w = cu(T~) is the current value of the orbital frequency, and by applying formula (4.6) (4) 16 (s) (3) (5} (5 (4.14) where for this computation P can be assumed to be a linear phase [35] . Then the use of the integration formula (4.6) Refs. [37, 38] . The 1.5PN tail correction (4m term) was first computed in the limit v~0 [13] I and then shown to be also valid for arbitrary mass ratios in Refs. [35, 39] based on Ref. [9] . [ [15] and then analytically [16] . For comparison with the latter references, and for later convenience, let us reexpress the energy loss (4.16) 3) & 12) (4.17) (which also does not involve v terms). Inserting (4.17) into (4.16) (extending Ref. [27] ) that the 2PN motion of a binary system moving on an eccentric orbit admits the representation n(t -to) = u -eq sin u + -sin v + -(v -u), (4.20a) 4 r = a, (l -e, cos (4.22) , the fact that in the circular orbit case, which is defined by e"=0, the two other eccentricities e& and e@ vanish to 2PN order, hence the two anomalies u and v agree to this order, and that the three terms involving the constants f, F, and G also vanish (see [44] ). The 2PN-accurate circular motion of the binary is thus simply described by the equations P -P, = nK(t -t, ), (4.23a) (4.23b) which show that the orbital &equency~in the circular orbit case is equal to the product nK. Now~= (20) in Ref. [26] when specialized to circular orbits. For E = 1 we get = (X, -X,)mv~~-+ -v~*', (C') , (2 (7 35 
in which we have used (for the "C" term only) the 2PN-accurate mass-centered frame equation (3.7) . 
The most interesting contribution to compute is the first one, i.e. , I, given by (B4). This contribution has no explicit dependence on w in the integrand; this fact, which is special to the quadrupolar case, allows the alternative derivation followed in this appendix. To compute I, we employ the kernel g(x;yi, y2) already introduced in Eqs. (3.42), g(x; yi, y2) = ln(ri + r2 + ri2), 
The next step is to integrate by parts the Laplace operator in the integrand of (B14 a function of yi, y2 (note that the expansion of f involves a logarithm of~x~) . We shall slightly improperly refer to these terms as the "harmonic" terms in f. Their coznputation can be gr atly simplified by noticing that in the asymptotic expansion of g = ln(ri + r2 + ri2) when yi, y2 -+ 0, only the three leading order contributions, constant, linear, and quadratic in yi, y2, can contribute to fh, ";, Indeed, the. higher-order contributions, at least cubic in yi, y2, necessarily involve a function of x whose dimension is that of 1/~x~w ith n ) 3 (because g is dimensionless), and thus which will never yield a term of the type zl, or i r, ln~x~when multiplied by ri r2 = x -x. yi -x. y2+ yi . y2.
Computing the expansion of g when yi, y2 -+ 0, and then the expansion of f, we obtain 
